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Collaboration and Fundings

A joint work between mathematicians, physicists and chemists
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Introduction to Quantum control

Quantum effects:
Atomic orbitals (Probability of
95% to find the electron)

Quantum theory:
Theoretical basis of modern physics that explains the nature and behavior of matter
and energy at the atomic level.

Fundamental quantum effecll— Quantum technologies

Control theory: Realization of basic operations

min. time
min. energy




Quantum control

Manipulating the quantum dynamics of atoms, molecules and spins with external
electromagnetic fields.

Design of specific electric or magnetic fields

Application of tools of control theory (Optimal control theory) to
guantum physics

A famous example in classical physics:

How do we build up physical
intuition in quantum control ?

Analogy with classical physics

Apollo and Smart |



The Tennis Racket Effect

The tennis racket effect

- Global Aspects of
Classical Integrable Systems

R. H. Cushman and L. M. Bates

Geometric effect that can be observed in any tdneensional asymmetric
rigid body.



The Tennis Racket Effect




How to control a skate board with the tennis racket effect

According to the tennis racket effetttie Monster Flips impossible.

]t can be shown that 1t 1 s possi bl
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Classical dynamics of a threelimensional rigid body

Therotationaldynamicsof athreedimensionaligid bodyis describedy an
iIntegrableHamiltoniansystem

Thepositionof therigid bodyis givenby anelementof SOQ).

ThethreeEuleranglesareusedascoordinates

Two frames:

U A spacefixed frame (X,Y,2)

U A body-fixed frame (,y,2)

Ref.: V. I. Arnold, Mathematical methods of Classical Mechanics



Axes and moments of inertia

Massrepartition : Inertiamatrix
_ 2 3
U Eigenvectorsinertiaaxes Lj = Ap(r)(r Ojk — XX )d°r,

U Eigenvalueslinertiamoments

Convention: |l , < |y <lI,




Classical dynamics of a threelimensional rigid body

Thedimensionof thephasespacds 6.

In the absenceof outsideforces,there are four first integrals(the angular
momentumV andtheenergy) The Eulertop.

Foraregularpoint,thedynamicsarerestrictedo a two-dimensionatorus

In the reducedphasespace(M,,M,,M,), the trajectoryis the intersectionof
two surfaces

_ My My M2
2 i ey

T Y z
M?* = Mg + M; + M

Rem.: Extension to a{ulimensional rigid body with the Lax pair approach



Classical dynamics of a threelimensional rigid body

Intersection of a sphere and an ellipsoid.



Classical dynamics of a threelimensional rigid body

Reducedphasespace
U Rotatingandoscillatingtrajectoriesseparatrix

U Four stable antivo unstablesquilibriumpoints.



Mathematical description of the tennis racket effect

Definition of a particular set of Euler angles:

Tennis racket effect :
Ap=2m, Ap~mn

S

o M

.




Mathematical description of the tennis racket effect

Angular momentumRotational equivalent of the momentum

M. =1 w

7
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Angular

momentum

Angular velocity

Eul er 0 s :Dymamiestofithe angular momentum in the frame attached
to the racket

Constants of the motion:
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Mathematical description of the tennis racket effect

Eul er 0s :Dymamiesiofithe Euer angles

€M, =- M singcoy/
{ M, =M singsiny
:'MZ =M cosg

«—— the two angles described the dynamics in
the reduced phase space.

The dynamics of the third angle is given by the angular velocity.
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Mathematical description of the tennis racket effect

The tennis racket effect is a geometric effect which does not depend
directly on the duration of the process.

e

We can reduce the dynamics to consider only two anglés: 47

dy _, \/(a+bco§y)(c+bco§y)
dr 1- bcosy

1
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Phase space ©




Mathematical description of the tennis racket effect

Analogy with a standard planar pendulum:

Phase space

o/

Phase space
-0.5 0 0.5 '
\ Wl /

A variation of ’

Tennis racket effect

A variation of 2’



Mathematical description of the tennis racket effect

Robustness of the tennis racket effect against initial conditions:
|AY|/m
2

0 0.5
Yo/ T
U What is the geometric origin of the tennis racket effect ?
Is it possible to estimate the robustness of the effect ?

”
U 3 parametersa(b,Q



Mathematical description of the tennis racket effect

We consider a symmetric configurationyy , = - P, e- y,= % - e

2

The new parameter is the defect to a perfect tennis racket effect.

Using a change of variable and the parity of the integral:

"3 1 (1 bXdx
Df (e) = AR JX(x- b)(L- X)(x- a)

a C
x=cosy,a=-—;b=--
d b b

Incomplete elliptic integral depending on the different parameters of the probls

We study the solution of the following equation:

Df,,.(6)=2p




Mathematical description of the tennis racket effect

1 (1- bx)dx
eb \/x(x- B)(1L- X)(x- &)

D (6) = 3,

We complexify thex- coordinate and we introduce a Riemann surface:

y° =x(x- b)A- X)(x- &)

The integral is interpreted as an Abelian integral over this surface.

Its behavior is given by the geometry andshularity of the surface.



Mathematical description of the tennis racket effect

Two different configurations: A pole appears whengoes to 0

b|<sin’e o b|>sin’ e
g- g+d,fyv, O g- g+dfyw=0
d ;

In the first case,by the PicardLefschetzformula, the integrationcontouris
deformedo itself plusaloop aroundthe singularity

This propertyrevealsthe multi-valuedcharactenf the functiont alogarithmic
function No logarithmicdivergencen thesecondcasé




Mathematical description of the tennis racket effect
We deduce:

Df (e) =

\/_b abc(sm e) - \/%In(sm e)
\

Bounded and analytic function (m is given by the bounu).of

Theorem of the Tennis Racket Effect:

For allc such that: ‘C‘ <bexp(- Zp\/a_b - m)
Forablarge enough, the equatiob’ , , .(€) = 20
has a unigue solution which verifies:

arcsin‘E ) < e <arcsin(exp ,0\/% - %]))

This leads to:

im e.(a,b,c)=0

ab- + o




Mathematical description of the tennis racket effect

Estimation of the robustness of the tennis racket effect:

Df =20 Dy =p-e

e° expt \/aTJD—f)
N 2

N

Robustness with respect to the shape of the body

I I
a:I—y- 1Lb=1- I_y

z X

Refs.: L. Van Damme et al, Physica D (2017)



The Monster Flip effect

The same analysis can be conducted for the Monster Flip effect.

szz"’ife 1- bcosy dy
\/(a+bco§y)(c+bcoszy)
We arrive at:
Df (6) =— 1 (sin’ e)+iln(sm e)
\/&) abc \/&)
4
exp(p/ab)

N

This parameter has to be very small



How to use this effect in the quantum world ?

Formal equivalence between the Euler equations and the Bloch equations:

a o -M, /1, M,/ 0 ao -W W0
e Z 2 YoC e z Y 0C
=M, /I, 0 M /1, 6M |qmmp| M =W, O - W, 6V
e 0 e o)
S O R R W, W, 0
Euler equations Bloch equations (spin %2,
magnetic resonance)

M ——> Quantum state

V\/i — > External control fields

e M. N
|dentification: W =—L ‘ The moments of inertia are free parameters



How to translate this property into the quantum world ?

Formal equivalence between the Euler equations and the Bloch equations:

o] _ ~ o] —W W ~
I\%% 0) M, /1, I\/I/I8C geO A 28C
=M,/ 0 M, /1, gM =W, 0 -WgM
EM, /1, -M/l, 0 0 EW, w02
Euler equations Bloch equations

Identification: Specific choice of the control fields (only two fields are available)

BW. =M, /1, = case (b): |6 =M. /1,

|, =+ o W, =M, /1,
W, =M,/I,=D bl,=+ o

Case (a):

——




Geometric control of population transfer

We consider the case (a) to illustrate the properties of the control fields.
el =1
=~ ki [0]]

Without loss of generality, we can set:

1
¥
e

Some standard solutions of the Bloch equation can be recovered from limiting
cases of the tennis racket effect:

k- 0O: Pi-pulse

k- 1: Adiabatic pulse W= °1 sedq(i +7)
. | t/1- k? 4
Separatrix Allen-Eberly solutions o 1
D= tanhé +7)
t/1- k? {




How to use this effect in the quantum world ?

A tennis racket effect for a spin ¥z particle:

1 Y=t g
x ’
7
¢ 7 x
0.5 KN
: /X X
— s X
- 5l %
> X‘K
= OWex X |
0.5}
1 " x 'Y“*:( o,
0 0.5 1 1.5

t (ms)

Trajectories of
the angular
momentum

A trajectory close to the separatrix

A robust transfer of state for the
gubit

Refs.: L. Van Damme et al, Sci. Rep. (2017)



Robustness of the control process

Evaluation of the robustness in the spin case:

?V\éi):(l““a)wl,z Ix:l;ly__ |.=+ ¢
I
(W =W, +d

k =0.2,0.6;0.9;0.99
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The robustness of the process can be adjusted by choosing appropriate moir
of inertia (parametek)




Implementation of onequbit gates

Using the Tennis Racket Effect, novel control strategies in guantum computing
can be found: Onrqubit gate.

|-CDO

al o
Quantum phase gate U = % y
C e

Montgomery phase: D/' = E - S
JS M N
7 AN
Dynamical contribution Geometric contribution

The dynamical contribution is not
robust.

A concatenation of pulses to
eliminate this contribution.

D/ =2arcsin(/1- k2)- arcsing/1- k)]




How to use this effect in the quantum world ?

Another idea is to consider the dynamics of asymmetric top molecules.

Chlorobenzene molecul€{H:Cl)

Signature othis classicalkeffecton:
U Spectrum of thasymmetrianolecule

U Dynamics of thevavefunction



Conclusion and perspectives

Signature of the tennis racket effect on the wave function dynamics.

torus.

Thermally averaged

// trajectories

Quantum tunneling

—

Rem.: This effect could be observe
In a neighborhood of any singular



